Abstract-This paper deals with the magnet pole shape design for the minimization of cogging torque in permanent magnet synchronous machines (PMSM). New shapes of permanent magnet are proposed. The magnet shape is modeled analytically by a set of stacked and well dimensioned layers relatively to the height and opening angle. The final shape of magnet is configured by using three models in view of obtaining lower magnitude of cogging torque. A 2-D exact analytical solution of magnetic field distribution taking into account the shape of magnet, the irregular mechanical thickness of air-gap and semi-closed stator slots is established. The influence of motor's parameters such as the number of stator slots per pole and per phase and PM's magnetization on cogging torque is discussed. Analytical results are validated by the static finite-element method (FEM).
INTRODUCTION
The cogging torque is one of the very important factors to be predicted in calculating the performance of permanent magnet synchronous machines (PMSMs). It is a pulsating torque due to the interaction of the stator teeth with the rotor magnets.
Several methods have been proposed to reduce the magnitude of cogging torque. Some of them are: the combination of rotor pole pairs and stator slots numbers, the magnetization direction of permanent magnets, magnets and semi-slots opening angles [1] , the magnets shape [2] [3] [4] [5] [6] [7] [8] , stator slots or rotor magnets skewing [9] , stator teeth shape [10] , fractional number of slots per pole [4] , asymmetric distribution of magnets [11] and non-uniform distribution of slots [12] . In particular, the optimum magnet pole shape design has become the most common practice to reduce the cogging torque magnitude.
Electromagnetic torque ripple including cogging torque component causes vibration and acoustic noise in the rotor shaft leading to premature ageing of the electrical machines. In addition, low torque pulsations in motor drives are essential for high-performance speed and position control applications where friendly human-machine interactions are desired.
This paper presents an analytical study of slotted stator permanent-magnets synchronous machines with different shapes of surface mounted magnets. Several studies have been developed to introduce the presence of slots in the analytical calculation directly based on Fourier series analysis and the resolution of Maxwell's equations in slots as in [13] [14] [15] [16] , or indirectly through using conformal transformation [17] such that the final solution is semi-analytical (hybrid method). L. J. Wu [16] performed a comparative study of four analytical methods applied to the prediction of cogging torque and electromotive force, namely lateral forces method (LF), complex permeance method (PC), the sub-domain method (SD) and the (SD) method based on a single slot per pole. Advantages and disadvantages regarding the quality and the accuracy, besides the computation time of each method, were then cited.
The use of numerical methods for solving problems of electromagnetic fields is a realistic choice. The finite element method is one of the most suitable methods for numerically solving partial differential equations; however, the disadvantage of this method is the associated long computation time especially when attempting to get high accuracy results. It is generally difficult to provide straightforward physical relationships between the performances and parameters. Furthermore, the results obtained by numerical methods are sensitive to the FE meshes, especially for cogging torque, torque ripple, and unbalanced magnetic force.
Compared to other types of motors, PMSMs have been used more and more widely in the fields of industry because of their outstanding advantages of large power density, high efficiency, and excellent characteristics. The structure of a PMSM is determined according to the requirements of its application. A large number of PMSM applications require minimum torque ripple for reduced vibration and acoustic noise, and smooth operation of the motor. Also, low torque pulsations in motor drives are essential for high performance speed and position control applications where friendly human-machine interactions are desired. However, both of a small cogging torque and good motor performance are generally required, while an inappropriate magnet shape can result in an unacceptable high cogging torque, and thus, must be avoided at the design stage. The shape of rotor magnets such as segmentation or beveling has significant influence on the amplitude of cogging torque. The magnet angular width can be optimized to minimize the cogging torque.
The use of sinusoidal permanent magnets (SPM) is one of the solutions to solve the problem of vibration and acoustic noise. The thickness of the ends begins with a zero or some value (see Figure 1) , and reaches the thickness of the medium indicated in the specifications. The choice of the thickness of the ends is not usually justified by the authors [2, 5, 11, [21] [22] [23] [24] [25] [26] ] which makes it difficult to optimize.
The characteristics of a permanent-magnet synchronous motor are greatly influenced by the backelectromotive force waveforms in the motor, which are directly related to the magnet shape. The goal is to generate sinusoidal back EMF and constant electromagnetic torque, which would cause, sinusoidal back EMF generation due to the resulting sinusoidal magnetic field distribution.
In this paper, Fourier series expansion and Maxwell's equations are used to determine the analytical expression of cogging torque to analyze the effects of design parameters on cogging torque. Then new structures of rotors are proposed by adopting different magnet shapes. The shape of magnets is configured by combining between the rectangular shape RPM and sinus shape SPM (Figure 1 ), in view of obtaining lower magnitude of cogging torque. The developed analytical method is used to calculate the cogging torque for three different shapes of magnetic pole. Proof is hereby given that the cogging torque could be greatly reduced. 
ANALYZED MOTOR
The analytical calculation of the machines which present complex geometries is a very difficult task because of its inhomogeneous regions leading to a high number of boundary conditions [13] . The stator slotting effect should be considered accurately to predict the magnetic field distribution in the airgap region of permanent-magnet (PM) motors. A high number of regions can increase the number of equations to be solved and, consequently, the computing times become very long even by using powerful software packages. In all circumstances, the analytical method is the favorite one for the electrical machines design optimization. The mathematical equations contain explicit links between all parameters and considered physical phenomena. This helps the designer to best interpret, through its model, the behavior of the machine, including the interactions between the various parameters.
In order to obtain the solution of magnetic field, the model can be divided into several regions, as shown in Figure 2 . In this model, it is assumed that the machine is out of the saturation zone. The study of the electromagnetic field is done in polar coordinates and two-dimensional (2-D), and the magnetic vector potential A has only one component in the axial direction. The rotor and stator iron permeability is assumed to be infinite, and the demagnetization characteristic of the magnet is assumed to be linear. The eddy current losses are assumed to be negligible, the polarization vectors of the permanent magnets perfectly radial, the relative permeability equal to unity, and finally the sides of the slots have a purely radial direction.
The analytical analysis is based on the subdomain method. So, four regions can be considered ( Figure 2 ). The first one contains the magnets and is delimited by the radii R 0 ≤ r < R 1 (Figure 3 ). The second zone is the air-gap between R 1 ≤ r < R 2 . The last two regions situated between radii R 2 ≤ r < R 4 include all the stator slots. According to Figure 4 , the slot can be divided into two regions. The first region (region III) is between R 2 < r < R 3 and represents the slot-opening, where the wedges are placed and which are generally of non-magnetic material type (μ r = 1). The region IV located between R 3 < r < R 4 is the region where the conductors, also of non-magnetic type, are installed. The study of the field distribution in this machine should be started by modeling the shape of magnets. This can be done by considering the magnet to be composed of a set of piled and welldimensioned layers, according to the height and opening angle. This is a way to get the desired shape, as shown in Figure 3 . The permanent magnet can also be divided vertically into several segments, and the total potential is the sum of all partial potentials due to each segment. This latter study [18] requires a longer computing time than the proposed one especially that regarding dynamic calculation. In the first instance, the magnet arc angle (β · ζ) of the sinusoidal magnet is divided into (N c + 1) pieces with βa(j) opening and where N c represents the number of layers. One piece is added to avoid placing the first layer outside the semi-circle, as shown in Figure 3 . Radii Ra(j) are calculated automatically based on the opening angle of the permanent magnet by expression (2), except the final radius Ra(N c ) which is equal to the outer magnet radius. If the magnet is assumed to consist of infinitely small magnet pieces, the analytical model can be regarded as representing the original single-magnet piece, as shown in light grey color in Figure 3 .
where β, βa(j), ζ are respectively magnet arc to pole pitch ratio of the entire sinusoidal magnet, magnet arc to pole pitch ratio of the rectangular magnet piece corresponding to layer (j), and pole pitch.
ANALYTICAL SOLUTION OF MAGNETIC FIELD IN THE DIFFERENT SUBDOMAINS
In this paper, an analytical solution of magnetic field distribution based on subdomain method in Surface-Mounted PM motors with semi-closed slots and different magnet shapes is presented. The subdomain method consists in solving directly Maxwell's equations in different subdomains, i.e., airgap, stator slots and magnets, by the method of variables separation. The magnetic field distribution is obtained in each region by using boundary and interface conditions. The machine is constituted of four regions. The first one contains the permanent magnets, which results in the resolution of Poisson's equation in polar coordinates. The machine will be studied in no-load operating conditions. For this, the calculation of the field distribution in other regions such as the air-gap or stator slots will be achieved by solving Laplace's equations.
The differential equation in each region is given by Region I:
Regions II, III, IV:
where
are respectively the permeability of vacuum and the magnetization of permanent magnet.
Equations (3) and (4) in polar coordinates can be expressed as follows: For Region I:
where M r (θ) and M θ (θ) are the radial and tangential components of the sinusoidal permanent magnet magnetization. The tangential magnetization M θ (θ) is equal to zero in our case where the permanent magnet magnetization is radial.
In the other regions:
The magnetic flux density and magnetic field vectors B and H in these regions are coupled by the following equations:
The radial and tangential flux densities are deduced from the magnetic vector potential by:
Solving Laplace equation is usually achieved by exploiting the principle of Euler-Cauchy and SturmLiouville, while solving Poisson equation is solved by the method of Green [19] . By taking into account the boundary conditions (11) and (12), the solution of magnetic vector potential in slot region IV can be written as (13) .
The solution of magnetic vector potential in slot-opening region III is given, under the boundary condition (14) , as follow:
The solution of magnetic vector potential in the region II taking into account the periodicity condition at 2π/p is given by
In the magnet region I, the boundary condition (17)
and the periodicity condition at 2π/p for the magnet having radial magnetization permit to get the magnetic vector potential in the layer (j) of permanent magnet as
where ψ sj (r), ψ cj (r) are the particular solution of (5). τ is the relative angular position between the PM and the origin of axis. M rsjn and M rcjn are the nth element of the radial component M rj of magnet piece layer (j). The radial magnetization M r is the sum of the partial radial magnetization M rj of magnets pieces divided by the number of layers N c (see Figure 3) .
In order to give the final solution of different Equations (13), (15), (16) and (18), the constants C I,II,III,IV should be determined by applying interface conditions given by:
where Q s represents the number of stator slots and subscript i denotes the ith slot.
For a machine having 2p = 6, Q s = 36, β = 81% and with dimensions shown in Table 1 , the distribution of the radial and tangential flux density in the middle of the air-gap are calculated and plotted in Figure 5 . The flux density in the air-gap, the PM layers, the slot-openings and slots regions are computed with a finite number of harmonics as indicated in Table 1 . The adopted magnet number of layers is sufficient to consider it shape sinusoidal. The validation by finite element method (FEM) is performed employing the FEMM software package [20] . The number of elements in the air-gap is selected such that the fluctuations on the curves are ignored. Excellent agreement is obtained between analytical and FEM results. 
TORQUE AND BACK-EMF CALCULATION

Cogging Torque
Cogging torque (CT) is due to the modulation of the air-gap flux density and the stator slots. According to Maxwell's stress tensor theory, the cogging torque is calculated using the following relation:
where R, L u are respectively the radius of a circle placed at the middle of the air-gap and the axial length of the motor.
Back EMF
The back EMF is the key factor to determine the characteristics of electric machines and that is given by the rate of change of flux linkage according to time variation. The flux linkage can be obtained as follows:
where S, N s are the cross section area of the stator slots and the number of series turns per slot respectively. The flux linkage per phase due to PMs can be expressed as:
where C m is the connecting matrix that represents the distribution of stator windings in the slots. The three phase's back-EMF can be calculated by:
where Ω r is the rotor angular speed.
Electromagnetic Torque
The electromagnetic torque (T em ) can be calculated by integrating Maxwell's stress tensor along a circle with constant radius (r) located inside the air-gap or by:
The total torque (T T ) is defined as the sum of electromagnetic torque (T em ) and cogginig torque (T c ).
OPTIMAL COGGING TORQUE CALCULATION
In this study, the improvement of the shape of the sinusoidal permanent magnets is sought to minimize the magnitude of the cogging torque. At a first step, the optimal magnet arc to pole pitch ratio β optimal is determined using the first model shown in Figure 2 where the thickness of the ends of the permanent magnet is null. This opening will produce the lowest possible magnitude of cogging torque. If β is satisfied, the process of cutting the ends of the magnet begins, which lasts until a new magnitude corresponding to the new magnet arc to pole pitch ratio α, as shown in Figure 6 , is obtained. This magnitude must be lower or equal to that of the first case.
(a) (b) Figure 6 . First modification of the sinusoidal-shaped magnet, (a) SPM toward, (b) SPM-M1.
Application Examples
For a machine with 6 slots per pole (2p = 6) and with the same dimensions of Table 1 , the optimal magnitude of cogging torque is found to be 0.2235 Nm when β = 81%, as shown in Figure 7 (a). Now, considering the second configuration by cutting the extremities of the permanent magnet, the new optimal magnitude occurs for α = 65%; while the magnitude of cogging torque takes the value of 0.1118 Nm, a reduction of about 49.97% in cogging torque is achieved.
The final shape of the magnet consists of two regions, i.e., a simple shape underneath the sinusoidal top part, as shown in Figure 6 . Now the lower simple shape can be modified by acting on the magnet arc to pole pitch ratio γ, as in the previous case, so that the final shape is as indicated in Figure 8 Table 3 . Analytical results for the optimal magnitude of cogging torque. . It is also noticed that the magnet extremities in Figure 8 (a) are borne by a nonmagnetic material base, such as aluminum. If the previous example in which 2p = 6, Q s = 36, β = 81%, α = 65% is considered and if the lower opening of magnet is equal to γ = 34%, it is found that the magnitude of cogging torque decreases from 0.1118 Nm towards 0.0865 Nm. Consequently, another reduction of 22.62% compared to the previous case is reached as shown in Figure 9 . Table 2 shows the values of the optimal magnitude of cogging torque (CT) related to the 1st, 2nd and 3rd configuration derived on the basis of the analytical model. These machines have the same dimensions (see Table 1 ) except the number of slots and poles. The shapes of permanent magnet proposed in this paper are very suitable for minimizing the magnitude of cogging torque (CT) and total torque ripple. Figure 10 shows the optimal shape of permanent magnet in function of the different openings α, β and γ. Generally, the number of steps for calculating the cogging torque does not exceed 10 for any machine dimensions and parameters.
It can be seen that the machine having a SPM-M2 type exhibits good results, as far as cogging torque peak is concerned, compared to the machine having RPM type (see Table 3 ). This is due to the fact that the radial flux density distribution has a form similar to that of a sinusoid. The difference between those machines is the distribution of the flux density within the air-gap. The field lines, see Figure 11 (a), are all distributed over the pole pitch, however, Figure 11 (b), shows that the flux lines are concentrated in the teeth forcing the magnetic circuit to be saturated.
In order to make a comparative study between the machine of interest in this paper and machine having RPM type, the current supplying the machine is selected small and equal to 1 A so that the effect of the cogging torque on the total torque (T T ) will be remarkable. For this purpose, under these conditions, the machine can be compared to the classical machine. Figure 12 shows the back-EMF and electromagnetic torque for a machine having 2p = 6 and 36 slots. Table 4 presents a comparative study between the machine understudy and the machine having classical magnets RPM. The classical machine having RPM always presents a total torque ripple very high compared to the machine having SPM-M2 (A or B) whatever the number of slots or poles is and that is justified by the flux density waveform distribution in the air-gap. 
CONCLUSION
For the majority of industrial applications, reduction of the cogging torque is one of the most important aspects in the PMSMs design. In this paper, cogging torque reduction for PMSM has been analyzed. An analytical method based on the subdomain method has been proposed and the obtained results compared to those derived from the FEM. Attempt has been made to search for various configurations of permanent magnet shape so that the cogging torque magnitude is reduced as much as possible while keeping the same thickness. In fact, the best method is to go through the three presented models while acting on the openings α, β and γ. The related cogging torques are then calculated and compared. The proposed magnet shapes, namely SPM-M2A and SPM-M2B, show better characteristics than the conventional RPM or SPM model. Finally, the reduction of the cogging torque is even more pronounced for the structures having a high number of slots per pole.
